Partially hyperbolic geodesic flows 



by Fernando Carneiro and Enrique Pujals 
Abstract 

We construct a category of examples of partially hyperbolic geodesic flows which are not 
Anosov, changing the metric of a compact locally symmetric space of nonconstant negative 
curvature. We also show that candidates for such example as the product metric and 
locally symmetric spaces of nonpositive curvature with rank bigger than one are not partially 
hyperbolic. We also prove that if a metric of nonpositive curvature is not a Riemannian 
product and its geodesic flow is partially hyperbolic, then its rank is one. Other obstructions 
to partial hyperbolicity of a geodesic flow are also analyzed 
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1 Introduction 



The theory of hyperbohc dynamics has been one of the extremely successful stories in 
dynamical systems. Originated by studying dynamical properties of geodesic flows on 
manifolds with negative curvature |Anj and geometrical properties of homoclinic points 
|Smj . hyperbolicity is the cornerstone of uniform and robust chaotic dynamics; it char- 
acterizes the structural stable systems; it provides the structure underlying the presence 
of homoclinic points; a large category of rich dynamics are hyperbolic (geodesic flows 
in negative curvature, billiards with negative curvature, linear automorphisms, some me- 
chanical systems, etc.); the hyperbolic theory has been fruitful in developing a geometrical 
approach to dynamical systems; and, under the assumption of hyperbolicity one obtains 
a satisfactory (complete) description of the dynamics of the system from a topological 
and statistical point of view. Moreover, hyperbolicity has provided paradigms or models 
of behavior that can be expected to be obtained in speciflc problems. 

Nevertheless, hyperbolicity was soon realized to be a property less universal than it 
was initially thought: it was shown that there are open sets in the space of dynamics 
which are nonhyperbolic. To overcome these difliculties, the theory moved in different 
directions; one being to develop weaker or relaxed forms of hyperbolicity, hoping to 
include a larger class of dynamics. 

There is an easy way to relax hyperbolicity, called partial hyperbolicity, which allows 
the tangent bundle to split into ^/-invariant subbundles TM = (B E'^ (B E"^ , such that 
the behavior of vectors in E'"^, E"^ is similar to the hyperbolic case, but vectors in E'^ may 
be neutral for the action of the tangent map. This notion arose in a natural way in the 
context of time one maps of Anosov flows, frame flows or group extensions. See [BP], 
|Sh] . |Mlj . |BDj . |BVj for examples of these systems and |HPj . |PSj for an overview. 

However, and differently to hyperbolic ones, partially hyperbolic systems where un- 
known in the context of geodesic flows induced by Riemannian metrics. As far as we know, 
the way to produce partially hyperbolic systems in discrete dynamics are the following: 
time-one maps of Anosov flows, skew-products over hyperbolic dynamics, products and 
derived of Anosov deformations (DA). The two last approaches can be adapted to flows. 

Our work shows that one is able to deform a speciflc metric that provides an Anosov 
geodesic flow to get a partially hyperbolic geodesic flow. This is done inspired by the 
Mane's DA construction of a partially hyperbolic diffeomorphism |Mlj . 

We prove the following theorems: 

Theorem 1.1. There is a Riemannian metric such that its geodesic flow is partially 
hyperbolic but not Anosov. 

Actually, we prove: 
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Theorem 15.171 For some compact locally symmetric space (M, g) whose sectional cur- 
vature takes values in the whole interval [—1, —\], there is a metric g* in M such that its 
geodesic flow is partially hyperbolic but not Anosov. 

Remark 1.2. The theorem works for the compact Kahler manifold of constant holomor- 
phic curvature — 1 [G], and also for the quaternionic Kahler locally symmetric spaces of 
negative curvature. Both these locally symmetric spaces are even-dimensional. In sec- 
tion 17.31 we will see that there are no partially hyperbolic geodesic flows for Riemannian 
metrics in odd dimensional manifolds, by an idea of Contreras |Co2j . 

Remark 1.3. A classical Mane theorem [M3] says that if, for a geodesic flow of a Rie- 
mannian manifold there is an invariant Lagrangian subbundle, then this Riemannian 
manifold does not have conjugate points. The existence of a partially hyperbolic non- 
Anosov geodesic flow implies that this theorem does not generalize to the case of invariant 
isotropic subbundles. 

The next two corollaries are given by the persistence of quasi-elliptic nondegenerate 
periodic orbits. 

Corollary 15.191 There is an open setlA of metrics in the set of metrics of M such that 
for g eU, the geodesic flow of g is partially hyperbolic but not Anosov, for (M, g) as in 
the previous theorem. There is also an open set W of metrics such that for g G W , the 
geodesic flow of g is partially hyperbolic non-Anosov and with conjugate points. 

Corollary 15.211 There is an open set V of Hamiltonians in the set of Hamiltonians of 
{TM,utm) , near geodesic Hamiltonians, such that for h eU, the Hamiltonian flow of h 
is partially hyperbolic but not Anosov. 

For Hamiltonians it is easy to construct one that is partially hyperbolic, just create 
a Hamiltonian flow that is a suspension flow. But suspensions are not close to geodesic 
flows. 

We also show that product metrics of Anosov geodesic flows are not examples with 
the partially hyperbolic property: 

Theorem 13.31 If {Mi,gi) and {M2,g2) are Riemannian manifolds such that the geodesic 
flow of at least one of them is Anosov, then the geodesic flow of (Mi x M2,gi + g2) is not 
partially hyperbolic. 

For compact locally symmetric spaces of nonpositive curvature the following holds: 

Theorem 16.91 // the geodesic flow of a compact locally symmetric space of nonpositive 
curvature is partially hyperbolic, then is curvature takes values on the whole interval 

[-1,4]- 

The proof of theorem 13.31 and theorem 16.91 imply the following: 

Theorem 17. 2i // (M, g) is a compact Riemannian manifold with nonpositive sectional 
curvature and partially hyperbolic geodesic flow then (M, g) has rank one. 
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And these hypothesis above imply also that: 

Theorem 17.31 // {M^,g) is a Riemannian manifold with partially hyperbolic geodesic 
flow then n is even, and if n = 2 mod 4, then dimE'^ = 1 or n — 1. 

Remark 1.4. If the locally symmetric space has nonconstant negative curvature, then its 
curvature takes values on the whole interval [—1, [H] . 

Remark 1.5. Of course, if we multiply the metric by a constant, the Anosov or the partially 
hyperbolic splitting remain the same, but the curvature does not. So, we consider the 
maximal sectional curvature of the locally symmetric space to be —1, which is true after 
multiplication of the metric by a constant. 

Roughly speaking, the strategy of the construction of theorem 11.11 is done following 
the next steps: 

1. It is chosen a metric whose geodesic flow is Anosov and whose hyperbolic invariant 
splitting is of the form T{SM) = E'' © E'® <X > ©E" © E"" (section i]) ; 

2. we take a closed geodesic 7 without self- intersections (section l5^ : 

3. we change the metric in a tubular neighborhood of 7 in M, such that along 7 
the strong subbundles {E^'^ and E"^^) remain invariant and the weak subbundles 
disapear, becoming a central subbundle with no hyperbolic behavior (section l5.3p : 

4. outside the tubular neighborhood of 7, the dynamics remains hyperbolic; 

5. we show that for the geodesies that intersect the tubular neighborhood the cones 
associated to the extremal subbundles {E^'^ and E^^) are preserved (sections I5.3.3[ 
15.3.41 15.3.511573^ : we prove that for vectors in the unstable cones there is expansion, 
and for vectors inside the stable cones there is contraction, under the action of the 
derivative of the new geodesic flow (section 15.3. 7p 

We would like to recall that in the symplectic context, the existence of a dominated 
splitting with two subbundles of equal dimension implies hyperbolicity. This was observe 
first by Newhouse for surfaces maps [Nej . latter by Mane in any dimension |M2] . by 
Ruggiero in the context of geodesic flows [Rl] and Contreras for symplectic and contact 
flows jColj . We want to point out that thse results do not contradict ours: the splitting 
that the opens set of examples shows has more than two subbundles. 

There are partially hyperbolic E-geodesic flows, defined over a distribution S ^ TM 
which arise in the study of the dynamics of free particles in a system with constrains (see 
|CKOj ). However, if the distribution is involutive then the leaves of the distribution have 
negative curvature, and we are again in the Anosov geodesic flows case. 

The article is organized as follows: 

In the second section of the article, we introduce basic results about the geodesic flow, 
partial hyperbolicity and the equivalent property of the proper invariance of cone fields 
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In the third section we prove that product metrics are not examples of partially 
hyperbolic non-Anosov geodesic flows. 

In the fourth section we introduce properties and the classification of locally symmetric 
spaces of negative curvature which are the natural candidates to deform into partially 
hyperbolic non-Anosov geodesic flows. 

In the fifth section we show that the deformed metric has a partial hyperbolic non- 
Anosov geodesic flow. We give a proof of the proper invariance of the strong cones based 
on the calculation of the variation of the opening of the cones of an appropiate cone 
field, and then we prove the exponential expansion or contration for vectors in the strong 
unstable and stable cones. 

In the sixth section we show that compact locally symmetric spaces of nonpositive 
sectional curvature are not partially hyperbolic, except the spaces of nonconstant negative 
sectional curvature, which are the candidates for the deformation, since they have the 
property mentioned in the first item of the strategy above |E2j . |E3j . |J]. 

In the last section we show some obstructions to the existence of a partially hyperbolic 
geodesic flow. Obstructions for the rank of the manifold if the Riemannian manifold has 
nonpositive sectional curvature, and for the dimension of the Riemannian manifold and 
the dimension of the hyperbolic invariant subbundles in the general case. 
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2 Preliminary definitions 

In this section, we give some preliminary definitions. In the first subsection, the definitions 
are about geodesic fiows. The basic reference for this subsection is the book by Paternain 
[P] . In the second subsection, we give the main definitions about partial hyperbolicity 
and the basic reference is the survey by Hasselblat and Pesin [HPj . 
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2.1 Geodesic flows 

A Riemannian manifold (M, g) is a C°°-manifold with an Euclidean inner product in 
each Tr^M which varies smoothly with respect to a; G M. So a Riemannian metric is a 
smooth section g : M ^ Symm^iTM), where Symm2{TM) is the set of positive definite 
bilinear and symmetric forms in TM. Along the article we will consider the topology of 
the space of metrics of a manifold M to be the C^-topology on the space of these sections. 
The geodesic flow of the metric g is the flow 

<t>t:TM^TM: {x,v) ^ (7(x,.)(t), 7(x,.)(i)), 

such that 7(x,d) is the geodesic for the metric g with initial conditions 7(x,t;)(0) = x and 
~ Since the speed of the geodesies is constant, we can consider the flow 
restricted to SM := {{x,v) G TM : g^iv^v) = 1}. 

Definition 2.1. ny '■ V{TM) TM,which is called the vertical subbundle, is the bundle 
whose fiber at 61 G T^M, V(0), is given by V(0) = ker{de7r), where tt : TM M is the 
canonical projection of the tangent bundle. 

Definition 2.2. K : T{TM) — )■ TM, which is called the connection map associated to the 
metric g, is defined as follows: given ^ G TgTM let z : (— e, e) — ?> TM be an adapted 
curve to ^; let a : (— e,e) — )■ M : t — )■ ttm o z(t), and Z the vector field along a such 
that z{t) = {a{t),Z{t)); then Ke{0 ■= (Va'^)(0). tih ■ H{TM) TM, the horizontal 
subbundle, is given by H{9) :— ker{KQ). 

Some properties of H and V are: 

1. H{6) n V{6) = 0, 

2. deTT and i^Tg give identifications of H{9) and l^(^) with T^M, 

The geodesic vector G : TM T{TM) in this decomposition H{9) V{e) ^ T^M 
TxM is given by (f. 0). 

The decomposition in horizontal and vertical subbundles allows us to define the Sasaki 
metric on TM: 

= 9xi^h,'nh) + 9x{Cv,'nv) 

for ^ and rj G TgTM, with ,^ = and = {rih,!]^) in the decomposition TgTM — 

H{e) ® V{e), with a and r?;, G = H{e), and r/^ G T.M = 

It also allows us to define a symplectic 2-form and a almost complex structure J on 
TM and a contact form on SM: 
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:= dei^, G{e)) = g^{dgn{^), v) = g^{^h, v). 

Since the geodesic flow leaves SM invariant, and we can define a contact form on SM 
such that its Reeb vector field is the geodesic vector field, S{9) := kerag is an invariant 
subbundle for the geodesic flow, and M. ■ G (B S = T{SM). 

The derivative of the geodesic flow is related to the Jacobi fields of the metric that 
generates the flow. 

Definition 2.3. A Jacobi field along a geodesic 79, 6 = {x,v) is a vector field obtained by 
a variation of the geodesic 79 through geodesies: 

d 

where ^(0) = 9, z'{0) = ^ and z{s) = Z{s)). 
It satisfies the following equation: 

C" + R{^'gXho = o. 

Its initial conditions are: 

d 

C(0) = ^|s=o7r o z{s) = dgn^ = ^h, 



The derivative of a geodesic flow is: dg(l)t{0 = (Cc(^)) 

Remark 2.4. We define the curvature tensor R : T{TM) x T{TM) x T{TM) T{TM) 
as in do Carmo's book ICal: 



R{X, Y)Z := Vy^xZ - V^VyZ + V[x,y]Z. 
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2.2 Pcirtial hyperbolicity 

Definition 2.5. A partially hyperbolic flow 0^ : M — > M in the manifold M generated by 
the vector field X : M — > TM is a fiow such that its quotient bundle TM/ {X) have an 
invariant splitting TM/ (X) = ® E*^ ® E"^ such that these subbundles are non trivial 
and with the following properties: 

dct>t{x){E%x)) = E%ct>t{x)),dct>t{x){E%x)) = E^{ct>t{x)),dct>t{x){E^{x)) = E^{ct>t{x)), 

\\d(t)t{x)\Es\ \ < Cexp(tA), ||(i0_t(a;)|i=;^,|| < Cexp(tA), 
C exp(i/x) < ||(i0t(a;)|Ec|| < Cexp(— t/i), 

for A < ^ < < C. 

Definition 2.6. A splitting E (B F oi the quotient bundle TM/ {X) is called a dominated 
splitting if: 

d(t>t{x){E{x)) = E{4>t{x)),dUx){F{x)) = FiU^)), 

\\d(t>t{x)\E{x)\ \ ■ \ \d(f)^t{M^))\F{M^))\ \ < Cexp(-a) 
for some constants C and A > 0. 

2.2.1 Partial hyperbolicity and cone fields 

There is a criterion useful for verifying partial hyperbolicity, called the cone criterion: 

Given x G M, a subspace E C T^M and a number S, we define the cone at x centered 
around E with angle S as 

C(x, E(x), 5)^{ve T^M : Z(v, E) < 5}, 

where Z(f , E) is the angle that the vector v e T^M makes with its own projection to the 

subspace E C T^M . 

One fiow is partially hyperbolic if there arc 5 > 0, some time T > 0, and two contin- 
uous cone families C{x, Ei{x), 6) and C{x, E2{x), 6) such that: 

d,<^>_t{C{x,E^{x),S)) C C{x,E^{<l>^tix)),S), 
d,MC{x,E2{x),S)) C C{x,E2{Mx)),S), 

\\dx4>ti^\\ < Kexp{tX), \\dj:(f)-tC.2\\ < Kexp{tX), 

for ^1 G C{x, Ei{x),S), ^2 G C{x, E2{4>t{x)),S), some constants K > 0, X < and all 
t > 0. 



9 



2.2.2 Partial hyperbolicity and angle cone variation 

To know if there is proper invariance of cones we need to check the following inequality: 

d g{PrEV,PrEv) ^ ^ 

dt giv,v) 

for V e dC{x,E{x),6) := {v G T^M : Z{v,E{x)) = 6}, where Pte : TM ^ E is the 
orthogonal projection to E, where tte '■ E ^ M is a. vector subbundle of TM. 

Remark 2.7. The quantity on the left side of the inequality equals twice the square of 
the cosine of the angle between v and the subspace E, so if it increases along the flow, 
then the cone field is properly invariant. Since the quantity above is the angle between 
vectors in the cone, and since we need to calculate this quantity only at the boundary 
of the cones of a cone field, we call the derivative above the angle cone variation. This 
calculation is inspired by the calculations in [Wj, although we do not use quadratic forms 
here. 

The proper invariance of the cones by the derivative of the geodesic flow implies the 
existence of a dominated splitting. For the exponential expansion or contraction in the 
unstable and stable directions, respectively, we only need to check exponential expansion 
or contraction inside the unstable and stable cones, respectively. 

Lemma 2.8. For a fixed 6 > 0, and a fixed subbundle E — M, E{x) C T^M , if inequality 
(QP holds for v G dC{x, E{x), 6), then the cone field is proper invariant for the geodesic 
flow. 

Proof. Let c G (1,2) be such that 2cos^(5) = c. Then 

T?f ^ x^ ( g{PrEV, Pvev) 

C{X,E[X),0) = < r >C 



dC{x,E{x),S) 



g[v,v) 

g{PrEV,PrEv) 
g{v,v) 



Notice that the quantity on the left side of ([T]) is the same for v and for kv for every 
k > 0. Then we can calculate for v such that g{v,v) = 1. Define 

diC{x,E{x),5) = {g{PrEV,PrEv) = c,g{v,v) = 1}. 

Then the set of vectors in the boundary of the cones of the cone field is compact, which 
implies the derivative is bounded away from zero: 

d gjPrEV, PrEv) > ^ ^ q 
dt giv,v) 

Its imediate consequence is that the cone field is properly invariant for the flow of X. □ 
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3 The geodesic flow of a product metric is not partially hyper- 
bolic 

Now, we are going to show that some simple candidates for partially hyperbolic geodesic 
flows are not partially hyperbolic. In particular, we are going to prove that product 
metrics are not Anosov or partially hyperbolic. 

A natural candidate for symplectic partially hyperbolic dynamics is the following: 
take any hyperbolic symplectic action $ : M — )■ Sp{E, u), n : E ^ B a. symplectic bundle 
with u as its symplectic 2-form, one can produce another symplectic action $* : M — )■ 
Sp{E,u) © Sp{B X ]R^,u;o) : t ^{t) © Id. The symplectic flow associated with this 
symplectic M- action is partially hyperbolic with a central direction of dimension 2. In 
the case of geodesic flows this construction does not work. 

Suppose we have a Riemannian manifold (M, g) whose geodesic flow is Anosov. Then, 
we can say: 

Theorem 3.1. The product Riemannian manifold (M x T", g + go) where (T", go) is 
with its canonical flat metric, is not partially hyperbolic. 

Proof. Observe that {x} x T" is a totally geodesic submanifold of (M x T"-,g + go). So, 
its second fundamental form is identically zero. Since the metric in T" is flat this implies 
that: 

Rhix,y,0,v)d^^w))-f[^y^Q^^) = 0. 

For a product metric in (Mi x M2, gi + g2), let us say R is the curvature tensor of the 
product Riemannian manifold with the product metric, K its curvature, R^ the curvature 
tensor of the Riemannian manifold Mi. Then the following properties hold: 

i. R{X,Y,Z,W) = R\X,Y,Z,W), for X,Y,Z,W tangent to Mi, because of the 
Gauss' equation and the fact that the second fundamental form is zero [Caj; 

ii. R{X, Y, Z, N), for X, Y, Z tangent to Mi and N tangent to M2, because of Codazzi's 
equation and the fact that the second fundamental form is zero |Ca] : 

iii. R{X,N,X,N) = 0, for X,Y tangent to Mi and N,N tangent to M2, because 
K{X,N) = [Ua] . 

Then, for a submanifold {x} x T" with the fiat metric: 

So, the derivative of the geodesic flow along geodesies in {x} x T"^ does not have any 
exponential contration or expansion. So, there is no partially hyperbolic splitting for its 
geodesic flow. □ 

Now, suppose we have two Riemannian manifolds with Anosov geodesic flows: (Mi, gi) 
and (M2,5'2)- 
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Theorem 3.2. The geodesic flow of the Riemannian manifold (Mi x M2, gi + 5^2) is not 
Anosov. 

Proof. The proof that this geodesic flow is not Anosov is easy. It is a classical result that 

(xo, 7(y,v)(t)) and (7(a;,«)(t), yo) are geodesies of the product metric, Xq G Mi, G M2, u G 
TrMi, f G TyM2, 7(a;,M)(0) = X and 7(a;,„)(0) = 7(j/,^;)(0) = 1/ and 7(y,„)(0) = f- So, we 
choose Xq and G Mi close enough, and (xq, l{y,v)(f)) and (xi, 7(2^,,,) (t)) are two geodesies 
with initial conditions (xq, 1/, 0, t;) and (xi, 0, w). Let ciisi be the distance function for 
the Sasaki metric of S{Mi x M2) and disti be the distance function for the Sasaki metric 
of S'Mi. The geodesic flow is not expansive, because dist{(f)t{xo,y,0,v),(l)t{xi,y,0,v) = 
disti{{xQ,0), {xi,0)): if xq and xi are close enough, disti{{xQ,0), {xi,0)) < e, for any 
e > 0, then the geodesic flow is not Anosov. □ 

Theorem 3.3. The geodesic flow of the product metric of a product manifold of two 
Riemannian manifolds with Anosov geodesic flows is not partially hyperbolic. 

Proof. Take local coordinates for the geodesic flow of the product metric. Let x G Mi, 
y G M2, u G TxMi, v G TyM2, and let 'y{x,y,u,v){'t) be the geodesic with initial conditions 
■j(x,y,u,v){0) = {x,y) and l[xyuv)(^) ~ ('";'^)- Since the product metric is a sum of the 
two metrics, we have that tt, : Mi x M2 — )■ Mj, i = 1, 2, the natural projection from the 
product manifold to Mj, is a isometric submersion. So 'y(x,y,u,v){t) = il{x,u)it),l{y,v){t))- 

Let us construct an orthonormal basis of parallel vector fields for 'j(x,y,u,v) {t) ■ Suppose 
gl{u,u) — 1 and gy{v,v) — 1. So, to have {x,y,u,v) in the unitary tangent bundle of 
Ml X M2 we take (x, y, au, /3v), and 

9{x,y){{oiu, /3v), {au, /3v)) = a'^gl{u, u) + /3^gy{v, v) = + = 1. 

Then 

l{x,y,au,l3v){t) = (7(x,««) (t) , 7(!/,/3t;) , 7(x,j/,a«,;3i,) W = ("7(x,«) (^) ? /57(y,^,) (^)) ■ 

Take Ei, i = 2, . . . ,dim{Mi), an orthogonal frame of parallel vector fields along the 
geodesic 7(a;,«). Take Fj, j — 2,. . . , dim{M2), an orthogonal frame of parallel vector fields 
along the geodesic ^(y,v) ■ 

Notice that along the geodesic "y(x,y,au,i3v), since its componentes are 7(j;,au) and J{y,i3v), 
the following holds: 

SO the proportion (a, /3) is preserved along the geodesic. 

So {(«7(.,„)(t), /37U(^))' -«7U(t)), {E,{t), 0), (0, F,{t))},, is an orthonor- 

mal frame of parallel vector fields along the geodesic ^{x,y,au,pv)i^)- 

The fact that the second fundamental form of the submanifolds {p} x M2 and Mi x {g} 
is zero, together with Gauss and Codazzi equations, imply that: 
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R{{ui,0), {U2,0), (^3,0), (li4,0)) = R^{ui,U2,U3,U4), 
R{{0,Vi), {0,V2), (0,^3), (0,^;4)) = R'^{vi,V2,V3,V4), 

i?(K,0),K0),(ti3,0),(0,T;i)) = 0, 

R{{0,V,),{0,V2),{0:Vs),{m,0))^0. 

Also the fact that the curvature is zero for planes generated by one vector tangent to Mi 
and another tangent to M2 implies: 

i?((Mi,0),(0,t;i),(M2,0),(0,^;2)) = 0. 
All these equations imply that along the geodesic "y{x,y,au,/3v){'t)' 

Ril{x,y,au,(3v)^ {^i, ^),i{x,y,au,l5v)^ i^k, 0)) = a"^ R^ , Ei, 7(^^„), Ek), 

Rin[x,y,au,l3v)' i^^ Pj) ^ l{x,y,au,l3v)^ (0' -^0) = /^^-^^(7(2/,^) , -^j, 7(j/,t,) , -^0 ' 



^ii{x,y,au,/3v)' ^) ' "l'[x,y,au,l3v)^ (0' ^ j)) - 0" 

Now, we are going to write the system of Jacobi fields. If we have ({t) = X]j=2 fi^i^ then 
C"W=E.=2/mand 



j=2 i=2 



So, it can be written as: 









7" 


1 


" /" 




7" 










/'. 




-K 




./'. 




where Kij = R{'y', Ui, 7', Uj) 














In the case of the product metric 


we have: 




















/ 







7" 















/ 




./'. 



































With a change in the order of the basis of parallel vector fields we have: 



F' 



7 

-a'^K^ 

/ 

-/3^K^ 



F. 
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So the systems decouples and the solutions are given imediately by the solutions for Mi 
and M2. 

Now suppose the geodesic flow of the product metric is partially hyperbolic with 
splitting E"^ (B E'^ (B -E", dimE^ = p, dimE^ = q. So the geodesic flow of each metric gi 
and g2 is partially hyperbolic, each geodesic flow inherits a partially hyperbolic splitting: 

El © E'l © El", 

along geodesies in Mi x {y} (/3 = 0), such that E^ ® E^ C T^Mi © {0} C T,Mi © T^Ms, 
and 

E'^ © El © El 

along geodesies in {x} x M2 (a = 0), such that E| © C {0} © T^Ms C T,.Mi © T^Ms. 

For geodesies of the product metric which have a 7^ 7^ /3, we get a splitting into five 
invariant subbundles E^ (B E2 (B E'^ (B E^ © i?2 > without the domination, since a and /3 
multiply the Lyapunov exponents of each subbundle. Since we already have an splitting, 
E'^ and E"^ are necessarilly one of a combination of subbundles of E^ and E2-, E^ and E^, 
respectively: 

E' e{E®F : E ClE{,F CI E^, dimE + dimF = p}, 

E"" e {E® F : E C E^F C E^ dimE + dimF = q}. 

So there is no way to go from the case a = to /3 = without breaking the continuity 
of the splitting, because one cannot go from the case dim E = 0, when /3 = 0, to dim 
F = 0, when a = continuously. 

□ 

4 Anosov geodesic flow with many invariant subbundles 

In this section, we introduce the metric which we are going to change to produce the 
example of a partially hyperbolic and non- Anosov geodesic flow. 

The candidate for the deformation is a compact locally symmetric space which is a 
quotient of the symmetric space of nonconstant negative curvature M := G/K by a 
cocompact lattice F [Bo]. 

Cartan classified the symmetric spaces of negative curvature (see [H], [He]). They are: 

i. the hyperbolic space Mif" of constant curvature — c^, which is the canonical space 
form of negative constant curvature; 

ii. the hyperbolic space CiJ" of curvature — 4c^ ^ K < — c^, which is the canonical 
Kahler hyperbolic space of constant negative holomorphic curvature — 4c^ [G] : 
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iii. the hyperbolic space M.H"' of curvature — 4c^ ^ K < — c^, which is the canonical 
quaternionic Kahler symmetric space of negative curvature [Be], |Wo] : 

iv. the hyperbolic space CaH^ of curvature — 4c^ ^ K < — c^, which is the canonical 
hyperbolic symmetric space of the octonions of constant negative curvature. 

Theirs geodesic flows are all Anosov, but the geodesic flow of the first one has not 
more than the two invariant subbundles, the stable and the unstable, which can not be 
decomposed in other subbundles. The others have more invariant subbundles, as in the 
first item of the strategy written in section [T] So, the metrics which are the candidates 
to produce a partially hyperbolic geodesic flow which is not Anosov are the metrics in 
items [ii.], [iii.] and [iv.]. Through the article we are going to consider c = |. 

For these type of metrics we need the following properties to hold: 

i. For all v G T^-M, the subspace {w G T^M : K{v, w) = —1} is parallel; another way 
to say this is that the derivative of the projection to this subspace of T^M along 
geodesies is zero; 

ii. For closed geodesies 7 : [0,T] M, (7(0), y(0)) = (7(T), 7'(T)), the parallel 
translation from 7(0) to 7(T) along 7 of these subspaces {w G T^M : K{v, w) = —1} 
and {w G T^M : K{v,w) = —\}, where v = 7'(0), preserves orientation. 

The examples that satisfy the properties above are: 

i. compact Kahler manifolds of negative holomorphic curvature —1 (see [G]). 

ii. compact locally symmetric quaternionic Kahler manifolds of negative curvature (see 

m)- 

4.1 Subspaces of S{SM) and SM 

Since the candidate has nonconstant negative curvature, then its sectional curvature, up 
to multiplication of the metric by a constant, has planes of setional curvature —1 and 
planes of sectional curvature — |. Actually, every vector v G TM is in a plane with 
curvature —1 and in another with curvature — |. 
We define 

A{x,v) := {w eT^M : K{v,w) = -I}, (2) 
B{x,v) := {weT,M:K{v,w) = -^}. (3) 

If we restrict the derivative of the geodesic flow to the subbundle S{SM) = kera — )■ 
SM, where a is the contact form on SM, then S{x, v) = H{x, v) © V{x, v), and H{x, v) 
and V{x,v) are identified with {v}^ = A{x,v) ® B{x,v) C T^M, {x,v) G SM. The 
subbundles A and B are invariant by parallel translation along the geodesic with initial 
conditions (x, v). 
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Lemma 4.1. The geodesic flow of the symmetric spaces of nonconstant negative curvature 
induces a hyperbolic splitting of the contact structure defined on SM: S{SM) = E'"^^ © 



Proof. We can define the subbundles P^{v), P^{v) C T(^x,v)SM^ K = A,B such that 

dMv)PKiv) = prAMv)),dMv)Pkiv) = PKiMv)), 



where aA = ^ and = 2- 

This invariant subbundles are exactly the subbundles of the decomposition in the first 
item of the strategy stated in the introduction: 



Following proposition 16.41 they are invariant subbundles and the splitting is domi- 
nated: Jacobi fields in i?"" and E'^''^ contract for the past and the future, respectively, at 
rate e~* and Jacobi fields in E"^ and E'"^ contract for the past and the future, respectively. 



4.1.1 Angle cone variation for the Anosov flow with many subbundles 

Let us calculate the proper invariance of the cones in the case of the geodesic fiow of 
the compact locally symmetric Riemannian manifold of nonconstant negative sectional 
curvature. 

We use the following family of trajectories for the system: 



Pxiv) = {{w,aKw) e S{x,v) : w G K{x,v)}, 
Pk{v) = {{w, —axw) G S{x, v) : w e K{x, v)}. 



E""(a;,i;) 
E''{x,v) 
E'{x,v) 




at rate e 



□ 



q{t,u) 



n o (f)t{z{u)) 



q{t, u), \u\ < e. 

The Jacobi field is given by 




So the following equations hold: 



£1 

dt 




Dt] 
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The quantity ([T]), which in this case is 

9iPrAi^ + v),PrAi^ + v)) 

indicates twice the square of the cosine of the angle between the vector rj) G T(^x,v)SM 
and its projection to P^{x,v). The cone in this case is 

C{v,P^{x,v),S) = {{C,v) e T(,,,)^M : > c}, 

9{{^,V)A^,V>) 

where ^ is the Sasaki metric and c = 2 cos^ 6. So, it is the same to prove that the cone 
fields are properly invariant or to prove that the cosine of this angle increases under the 
action of the derivative of the geodesic flow, for vector in the boundary of the cone fields, 
or (^, 1]) G TqSM such that 

g{PrA{i + v),PrA{i + v)) ^ ^ g (1 2) 
9(^,0 + 9{V,V) 
Remember that if (M, g) is locally symmetric then: 

d , , (Du \ ( Dv\ 

D D 

Let us call, to simplify the equations, 

U:=PrA^,^B:=PrB^, 



and remember that ^ = + ^b- Then, for 

9{U + Va^U + Va) 
9(^,0 + 9{V,V) 

the following holds: 



CG (1,2), 



d 9{U + Va,U + Va) ^ r, 9iU + Va, Va - {R{v, Ov)a) 
dt 9(^,0 + 9{V,V) 9(^,0 + 9{V,V) 

r, 9iU + VA,U + VA) ^ . C 

{9{^,0 + 9{V,V)> 

But for the locally symmetric metric of negative curvature, the following holds: 
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So, we have: 



va) - Igi^B, vb)) = 2 ^/^.^ ^x^^' '^f ^ {giU, U) + ^(^b, ^b) + givA, va) + 
4 {g{^,0 + g{v,v)> 

+g{VB, Vb) - g{U, Va) - g{^B, Vb) - g{U, Va) - ];g{^B, Vb)) = '^ ^!^^fc^c-\1'^t ^ 

4 {g{^,0 + giv^v)) 

5 

{giU, U) - '^giU, Va) + g{vA, va) + gi^B,^B) - -^gi^B, vb) + givB, vb)) = 

^g{U + VA,U + VA) . ^ 5 5 39 

Since the derivative is the same if {S,-, rj) is multiphed by a scalar, we consider (^, r^) such 
that g{C,,C,) + giViV) = 1; such that they are in the boundary of the cones of the 
cone field of opening c. This is a compact set and the derivative for this values of (^, rf) 
is far away from zero. This means that the cones are properly invariant under the action 
of the derivative of the geodesic flow. 

To get the exponential growth, we need to calculate: 

j^g{U + VA,U + VA) = 2g{U + VA,VA- iRiv,^)v)A) 

= "^giU + VA^U + VA)- 

This implies that the vectors inside the cone grow at the rate of e*. 
4.1.2 Orientability of A and B 

Recall that a Kahler manifold is a triple (M, J, u), such that J : TM — )• TM is a integrable 
complex map with = —Mtm, and w is a J-compactible symplectic form. In the case 
of negative holomorphic curvature —1, A{x,v) = M • and B{x,v) has a basis of the 
form (ei, Jci, . . . , e^, Je^). If 7 is a closed geodesic then the parallel transport along 7 
sends Jv to Jv and sends (ei, Jei, . . . , e^, Je^) to (ei, Jei, . . . , e^, Je^), which have the 
same orientation. 

In the Kahler quaternionic case, instead of one map J, there are three maps /, J, 
K, such that P = J'^ = = -Mtm, U = -JI, K = IJ [m]. In this case, 
A{x, v) has as its basis (If, Jv, Kv). The three maps are not parallel, but the orthogonal 
projection to A is parallel. Also, Q{v) = Iv AJv AKv is parallel, so along closed geodesies 
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the orientation of A{x, v) is preserved [Gr]. For the same reason, Q being parallel, B{x, v) 
has its orientation preserved along closed geodesies. 

We need orientability to ensure that we can define normal coordinates along closed 
geodesies as we do in next section. 

5 The partially hyperbolic non-Anosov example 

In the first subsection we give a more detailed strategy for the deformation of the metric 
introduced in the previous section. 

In the second subsection we give some definitions and we introduce the deformation 
of the original metric whose geodesic fiow is partially hyperbolic and non-Anosov. 

In the subsections I5.3.3[ I5.3.4[ 15.3.51 we show that the new geodesic fiow preserves 
a strong stable and a strong unstable cone fields. We first show that along the closed 
geodesic 7 the strong stable and strong unstable cones are properly invariant under the 
action of the derivative of the deformed geodesic fiow. Then, we show that for geodesies 
which are close to (f 0, 0, 0, . . . , 0) the strong stable and strong unstable cones are properly 
invariant too (subsections 15.3.51 and [F^3.4p . Then we show that for geodesies that cross 
the neighborhood of the deformation of the compact locally symmetric metric the strong 
stable and strong unsable cones are not properly invariant, but we manage to control 
the lack of this property in such a way that, after crossing the neighborhood, and inside 
the region where the metric remains the same, proper invariance is obtained (subsection 
I5.3.5p . Then we prove that there is expansion for the vectors in the strong unstable cones, 
and contraction for the vectors in the strong stable cones (subsection I5.3.7p . 

In subsection 15.41 we state the main theorem and some of its corollaries. 

Remark 5.1. We only need to show the strong unstable cone is properly invariant, because 
this garantees that we have one unstable subbundle invariant under the fiow. For the 
same reasons there is a properly invariant unstable subbundle for the inverse of the fiow, 
which is the stable subbundle, since geodesic fiows are reversible fiows. 

5.1 The strategy to construct the example 

The strategy of the construction of the example of theorem 1 1.1 1 is done following the next 
steps: 

1. It is chosen a metric whose geodesic fiow is Anosov and whose hyperbolic invariant 
splitting is of the form T{SM) = E'' © E'® <X > ©E" © (section [4]); 

2. we take a closed geodesic 7 without self-intersections (section |5^ : 

3. we change the metric in a tubular neighborhood of 7 in M, such that along 7 
the strong subbundles {E^'^ and E"^^) remain invariant and the weak subbundles 
disapear, becoming a central subbundle with no hyperbolic behavior (section l5.3p : 
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3.1. to accomplish the non-hyp erbohcity we change the metric in such a way that the 
directions of small curvature become directions of zero curvature (section 15.31) : 

3.2. to obtain that the strong subbundles remain the same along 70 we change it in a 
way that the directions of larger curvature (i?** and i?"") remain (section l5.3p : 

4. outside the tubular neighborhood of 7, the dynamics remains hyperbolic; 

5. we show that for the geodesies that intersect the tubular neighborhood the cones 
associated to the extremal subbundles {E'^'^ and i?"") are preserved (sections 15. 3. 3^ 

5.1. first, we verify that for orbits of the geodesic flow which are close to 70 ('parallel' 
region) the cones associated with the extremal subbundles are preserved (sections 

5.2. second, we verify that for orbits of the geodesic flow which are 'transversal' to 70 
('transversal' region) we can control the angle cone variation for the cones associated 
with the extremal subbundles with its own axis under the action of the derivative 
of the geodesic flow (section 15.3.51) : 

5.3. then, we prove that the time spent in the 'transversal' region is as small as we need 
in comparison to the time spent outside it (section 15.3.51) : 

6. we prove that for vectors in the unstable cones there is expansion, and for vectors 
inside the stable cones there is contraction, under the action of the derivative of the 
new geodesic flow (section [5.3.7p . 

5.2 The new metric g* and its properties 

Let us call {M"',g) a compact locally symmetric space of nonconstant negative curvature 
of dimension n, introduced in section |H 

Let us fix a closed prime geodesic 7 : [0, T] — M", with 7(0) = 7(T) and 7'(0) = 7'(T), 
without self-intersections. This is the closed geodesic which we use to construct the 
tubular neighborhood where we change the metric g. There is always a geodesic with 
these properties in a compact Riemannian manifold pH] . 

Definition 5.2. Let us call 5(7, e) = \E'(f/(e)) a tubular neighborhood of the geodesic 7 
constructed as follows: 

We introduce normal coordinates along this geodesic. Take an orthonormal basis of 
vector fields {eo(t) := ■y' (t) , ei(t) , . . . , en-i(t)} in T^(^t)M, such that {ei(t) , . . . , Crit)} is 
a basis for A{'y(t),'y'{t)), and {er+i(t), . . . ,e„_i(t)} is a basis for B{j(t),'y'(t)). This is 
possible because the parallel transport preserves orientation and M is orientable. \E' : 
[0,T] X (-eo,eo)^""^ ^ M : {t,x) ^ exp^(i)(xiei(t) + X2e2(t) + . . . + x„_ie„_i(t)) with eo 
less than the injectivity radius, so \l/|(7 is a diffeomorphism, with U = [0, T] x (— eo, eo)"~^. 
We define U{e) := [0,T] x (-eo,eo)"-^ 
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Definition 5.3. The set of vectors {{x, v) e SM : x E -8(7, e),\vi\ < 9,i = 1, . . . , n — 1} 
is called the set of ^-parallel vectors to 7, the set {{x,v) G SM : x G B{'~f,e),\vi\ > 
9, for some i = 1, . . . , n — 1} is called the set of 6'-transversal vectors to 7. If {x, v) G SM 
belongs to the set of ^-parallel vectors for all 9, then we call it a parallel vector to 7. 
Notice that {{x, v) is ^-parallel to 7} U {{x, v) is ^-transversal to 7} = ^(7, e). 

Let gij{t,x) denote the components of the metric in this tubular neighborhood of 7 
where is defined. We define a new Riemannian metric g* as: 

9m{t,x) := goo{t,x) + a{t,x), 

n-1 

a{t,x) := ^ ^ij{t,x)xiXj, 

— 9iji't,x), ^ (0,0), 

with : [0, T] x (— eo,eo)"~^ — >■ R, where each is a bump function. This kind of 
deformation allows us to change the curvature (change the second derivative), as 7 and 
the parallel transport along 7 (the metric up to its first derivative) remain the same. 
This becomes clear if we look to the formulas of the metric, the parallel transport and 
the curvature with respect to a coordinate system. 
For this new metric g* ^ the coordinates along 7 are: 



r^(t,o) 


= ^^^(t,0),0<^,j<n-l. 


^;,(^,o): 


= i/ii(^,0),0 < i,i < n - 1, 


5fc/^^(t,0) = 


= afc5^^(t,0),0<^,j,/c<n-l. 


5fe^7*(t,0) = 


- dkgijit, 0), <i,j,k <n-l. 



These equalities imply that the closed geodesic 7 still is a closed geodesic for g*. We are 
going to use the following deformation: 

n-1 

a{t,x) = xl^k{x), 

k=r+l 

The first property we need for the function a : U — > R is that $fe(t,0) = — |. The 
$fc are going to be products of bump functions define on a tubular neighborhood of 7 of 
radius e < eo- We need to change e along the proof, so we can say that this functions 
$fc are going to be e-parameter families of functions. For some e small enough the new 
metric g* is going to be partially hyperbolic. 
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Now we are going to state other properties that arc going to help us prove the proper 
invariance of the cones under the action of the derivative of the geodesic flow. 

First, to simplify the problem, we try to perturb the curvature only in the direction 
of the subspace generated by ^,/c = r + l,...,n— 1, at least for some geodesies. This 
is impossible, but we can construct a bump function such that, as e — > 0, only the term 
^XkXk^ k = r + 1, . . . ,n — 1 perturbs the curvature. 

Second, let us construct 

(f)i bump functions themselves. So, the second property is that $fc does not depend on t. 

Third, let us define (pk,!, ■■■4>k,n-i, except i^k.k, with support on [— e, e], such that 
0fe,i(O) = 1, 0fe,i(±e) = 0, with e < cq, and (j)k,k with support on [-e^e^], 0^,^(0) = -1 
and 0fe^fc(±e^) = 0. This ensures that the only second order partial derivative of a that 
does not goes to as e — >■ is 9| ^.a. Moreover, a is C^-close to the constant zero function. 
Since xl is of order e^, we can say that a is of order e"^, da is of order and (Pa is of 
order 1, so that d'^a is limited, with limitation independent of e. 

Lemma 5.4. For a : U M. : {t,x) ^ Ylk=r+i-^k^k{t,x), the following inequalities are 
satisfied: 

i. \a{t,x)\ < Mqs'^, 

a. \da:ja{t,x)\ < Moe^ 

Hi. \dl.^.a{t,x)\ < Moe, if i j, or if i < r, or j < r, 

iv. \dxj.x^<^{iix)\ ^ M); independent of e, /c = r + 1, . . . , n — 1. 

Proof Itemi. \a{x)\ < |el Itcmii.: \dx^a{x)\ < \e^2e-^. Itemiii.: \dl.^.a{x)\ < ^eHe'"^ 
if j i. Item iv.: Id^ ^ a\ < ^e^Se"^ < 1. ' ' □ 

Lemma 5.5. For every 5 > there is a bump function (f), such that its minimum value is 
atx = 0, 0(±e2) = 0, andF{(f)){x) := x'^(f)"{x)+Ax(f)'{x) + 2(f){x) e [{-2- S)F{(f)){0), {2 + 
S)FmO)]. 

Proof. To prove the lemma, first we construct a function such that the property 
stated in the lemma holds for |. Then, there will be a C°° function such that it holds for 
6. To construct this function is easy. We define the following function ipT, continuous 
and piecewise-C-*- in (0, |) and (|, 1): 

. (^;(x) = ^,ifxe(0,T)u(l-T,l), 

. <^;(a;) = -^, ifa;e(i-r,i + r). 
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. ifrix) — hr for X e (r, I — r), (Pt{x) — —hr, for x e (| — r, 1 — r). 

Then we define (pr such that 0t(1) = 0, 0:^(0) = 0^(1) = and (p'^ = ipr- Then is 

and 0t(O) = — ^(1 — 2r). We use the fact that it holds for r = and then show that 
it holds for r small enough. 

For r = 0, 00 is not but this is not a problem. For 00, we have that F{(j)Q){x) = 
(-i + 6x^)ho for X e (0, i) and F(0o)(a;) = (-1 + 6a; + 6x^)ho for x G (|, 1). Then it is 
simple to see that F(0)(O) = — -y and F{(f)o){x) G [— /io,^o]- Then, for 0o we have that 
F(0o)(a;) e [-2F(0)(O),2F(0)(O)]. So, why does it holds for 0^, with r small enough? 

First, we notice that the first term of F^c^t) is the only one that does not varies 
continuosly as r varies. The other two do vary continuosly because (pr is C^-close 
to 00- So we have to analyse only x^(f)"{x). But (f>'^{x) G [— which implies 
(j)'^{x) G [-rr^f/io, rz27^o]- Then xVr(a^) ^ [-^x^/iq, j^g^^^^o]- This, in turn, im- 
plies that F(0O(^) e [-T^F(0o)(O) -5'(r),^F(0)(O) + 5'(T)] = [-2F(0,)(O) - 
5'(r),2F(0^)(O) + 5'{t)]. Then, for r small enough, the lemma holds for a 0. This 
implies it holds for a C°° 0. 

Our bump functions are defined in an interval of lenght , so let us notice that if the 
lemma holds for with support in [0, 1], then it holds for 0^ such that 0^(x) := 0(Ax). 
It holds also if is multiplied by a constant. 

□ 

Remark 5.6. Previous lemma says that if the curvature is changed by | along the closed 
geodesic 7, then the curvature is deformed by ±| in the weak directions of the splitting 
of the geodesic flow, so the curvature for the strong directions is still greater than in the 
other directions. This explains in a rough way why the geodesic flow still preserves the 
strong directions. 



5.3 Pcirtial hyperbolicity of the geodesic flow of g* 

To prove that the geodesic flow of the new metric g* is partially hyperbolic we are going 
to define the strong stable and strong unstable cones of the geodesic flow of g*. 

Definition 5.7. The strong unstable and strong stable cone fields for g* are: 
CM := {«,,) e SM : ft^'f > c 



for a real number c G (1,2), and v G T^M, g*{v, v) = 1. 

Remark 5.8. Notice that the cone field defined above coincides with the cone field asso- 
ciated with g outside the region of the deformation of the metric g. 
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Remark 5.9. Remember that 
We also define 



dt J \dt 
because for g* the subspaces A and B are not parallel. 

Proposition 5.10. The geodesic flow of g* preserves the strong unstable cone field 
C"(f,c) and the strong stable cone field C^{v,c). 

We only prove proper invariance of the strong unstable cone (see remark ISTTj) . We 
divide the proof in several steps, but first, in the next subsection, we prove that along 
the geodesic 7, the geodesic fiow of g* is partially hyperbolic but not hyperbolic. 

5.3.1 Along 7 the geodesic flow of g* is not hyperbolic 

By a corollary from Eberlein's article [Elj: 



Corollary 3.4 |E1] . // the geodesic flow is Anosov, then the following holds: Let any 7 



be a unit speed geodesic, and E{t) any non-zero perpendicular parallel vector field along 
7, then the sectional curvature -^'(7', E){t) < for some real number t. 

For the geodesic fiow of the new metric g*, E{t) is a non-zero perpendicular parallel 
vector field along 7, and K{'y' , E){t) = 0, then the geodesic fiow of the metric g* is not 
Anosov. 

Lemma 5.11. If ^kit,0) = — | then, following Eberlein's criterion, the geodesic flow of 
g* is not Anosov. 

Proof. The coordinates of the curvature tensor in this neighborhood are: 

Rijkl = -^{dlgji + d^gik - d^gjk - d^gu) - V^kd'^Tji + Vlg-^Vjk, (4) 

where Tik := \^j,ik]j and Tj^ik := \{digjk + dkgij - d^gik). 
So, at 7, the curvature tensor is: 

0) = R,,ki{t, 0) - ]^{6,+i,odla{t, 0) + 5.+fc,o5ja(t, 0) 
- 6j+k,odla{t, 0) - 5i+ifld%a{t, 0)), 



and 
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Then, along 7: 

KiOjit^ 0) = RoiOjit, 0), i ^ J, i, J = 2, . . . , n - 1, 
Rokokit,0) = i?om.(t,0)-^(9Xt,0)) 

For the initial metric and fc = r + l,...,2n — 1: 

Rokok{t,0) = goo{t,0)gkk{t,0)K{-f\t),ek{t)) = 

So, if ^k(t,0) = —J, then Rokoki'^y^) ~ 0- Then, Eberlein's corollary applies, and the 
geodesic flow of g* is not Anosov. □ 

5.3.2 Along 7 the geodesic flow of g* is partially hyperbolic 

We are going to show that the strong unstable cone fleld of the geodesic flow of section 
m still works for the geodesic flow of the new metric g* along 7. 

Lemma 5.12. For the new metric g* and along the geodesic 7 there is an invariant 
splitting S{t) = E'' ® ® E"", such that E'' = E'g' , E" = E'g® E^, E"'^ = E^", 
where Eg are the subbundles of the hyperbolic invariant splitting of the geodesic flow of 
the original metric g, a = uu, u, s, ss, and S{t) is the contact structure of S*M along 

Proof. The new metric g* has the same coordinates as g along the closed geodesic 7, and 
observe that it has the same Christoffel symbols along 7. This implies that g* has the same 
parallel transport as g along 7. So, if {Eo(t) = ^it), Ei{t), . . . , Er(t), Er+i{t), . . . , En-i(t)} 
is a orthonormal basis of parallel vector flelds in T^(^t)M, ({t) = X]i=o ^ fi{t)Ei{t) are Ja- 
cobi flelds along 7 if they are the solutions of the following equation: 

= c"w+i?*(yw,c(t))7'w 

2n-l 

= E (/"w + mt)fAt))E,{t) 

i,j=0 
2n~l 

= + ^*(^o, E„ Eo, E,){t)Mt),^ = 0, . . . , 2n - 1 
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~K*{t) 







Along 7 we have: 



-Mr 




The hyperbohc subbundles are E^ 
spanned by (e~*ej(t), — e~*ej(t)), i 



spanned by (e*ej(t), e*ei(t)), i = l,...,r and E'^^, 
- l,...,r and E^^, the same as for the metric g. 
And there is a central direction spanned by the Jacobi fields related to the curvature 
K{^'{t), Ek{t)), Ek{t) and tEk{t), for k = r + l,...,2n — l. This implies we have a central 
bundle E^ along the geodesic 7. Notice that {ek{t)}f!^.^^ and {Ek{t)}f!^.'^^ generate the 
same subspace of T^{t)M, invariant by parallel transport because it is orthogonal to 7'(t) 



Et 



El 



and A(7(t),7'(t)). Then E'^ 
5.3.3 Preservation of the cone field for parallel vectors 



□ 



Now we do the same calculations of section H] for the geodesic fiow of the new metric g*. 
To prove the partial hyperbolicity of this new fiow, we divided the set of vectors whose 
geodesies cross the neighborhood where we change the original metric. First we verify 
the proper invariance of the cone field for parallel vectors (see definition in the beginning 
of section 15. 3p . 

By the formula of the bump function $fc we have that, as e goes to zero, the partial 
derivatives of second order of a which do not involve the direction of go to zero. The 

only one that does not shrink is dl^^k- 
So, the following holds: 



mok, k 



2, ...,n 



If f = (fo, 0, . . . , 0) then: 



1 

2' 



R 



^ n—1 

Rvivr, - 7^ ^kk(^'"0^kVk- 



k=r+l 
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When we use the symbol ~ we mean that the difference between the left side and the 
right side is of order e. It depends on the size of \a\, \da\, \dfja\,i ^ j, and the size of 
supp{^i),i = r + 1, . . . , n — 1. 

Lemma 5.13. For parallel vectors the angle cone variation is positive (the cone closes). 

Proof. We begin by approximating the angle cone variation at parallel vectors with re- 
spect to the derivative of the geodesic flow by an expression that is better to work with. 
This expression is equal to the one for the geodesic flow of g except for the term related 
to the second derivative of a and Vk, k related to the central direction along 7: 



d g*{,U + VA, U + va) ^g*iU + va, U + va) ( 5^,^^ _ ^ ^ _ ^) 



dt g*{^,0 + 9*{v,v) i9*i^,0 + 9*iv,v)y 



k=r+l 

,9*iU + Va, U + Va) f f 9*iU + Va, U' + Va' 



i9*i^,0 + 9*iv,vW \ \ 9{U + Va,U + Va) 



{9*{i,i) 



^ *( W [ 9*{U+VA,U + R*{V,0V) \ ( , 

^« - \ 9-(U + r,,,U + V.) ) ^' + 

1 3 1 \ 

■^9*{C, V) + -^9*{U, ^a)-- Y dl^avl^kVk + R*{v, ^, v,rj)\ . 

k=r+l / 

We define as the covariant derivative of the projection to A applied to (V*Fr^),^. 
If c is the opening of the cone and g*{^,^) + g*{v, v) = ^, because the derivative does not 
depend on the norm of the rj), the equation above is: 

= 2C{C-\g*{U + VA, U' + VA')) - C-\g*{U + Va, U + R*{v, ^v)) 

1 3 ^ n-l 

+^9*{C,V) + ^9*{U,Va) - - Yl 9kk(^'"oCkVk + R*{v,C,v,r})). 

k=r+l 

Then: 



\g*{U + VA,U + R*{v,Ov)\ < \g*{U + VA,R*{v,Ov-R{v,Ov)\ 

+ \9*{U + VA,U + R{v,0v)\- 

Since \g*{^A + Va, + R{v, O"^)] depends on \a\, and \g*{^A + Va, R*{v,0'" ~ Ri^,0'^)\ 
depends on \a\, \da\, and j = 1, . . . ,r and these terms are limited by Me, we can 

say that, for some big enough Mi independent of e: 
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\9*{U + VA, U + R*{v, Ov) I < \g*{U + VA, R*{v, Ov - R{v, Ov) I + 
\9*{U + VA:U + R{V:CM < M,e. 

For the same reasons: 

\9*{^A + VA, U' + VA')\ < Mo 11/ - g\y m* + \vn < Mie. 



1 3 ^ n-l 



k=r+l 



< Mie. 



Suppose Ml sufficiently big to be the same in the three inequahties above. So we have: 



d 9*{U + VA, U + Va) ^9*{U + VA, U + Va) /5 



dt 9*{C,0+9*{V,V) {9*{C,C)+9*{V,VW \^ 
19*{C,0-j9*{U,Va) + 1 Y1 ^kkOi'"oCkVk + ^9*{v,v) 



o9*{^-V,^-v) + 



k=r+l 



< 2c(3Mi)e = Mse. 
Let us analyse the following expression over the initial closed geodesic: 

( ^9*{C, - ^9*{U, Va) + ^ Y1 ^lk(^'"oCkVk + ^9*{V, V) 



n-l 



\{il + il + --- + il-i + vl + vl + --- + vl-i-'^Y.^kVk + i: ^Ik^vUkVk). 



k=l 



k=r+l 



The expression Cl+vlH2+vl+- ■ ■HLi+vl-i-'^CiVi- ■ ■ --^CrVr+t Efe J+i ^feifc«^o6?7fe 

equals EI=i(6 - Vrf + Er=ii - UiV^ + vl = ELi(6 - Vif + Er=ii(6 - h)' + Iv! 

which is positive in the border of the cone with opening c. This implies that along the 
closed geodesic 7 the cone is preserved, but that we already knew. We need to prove 
the positivity of the derivative along the other geodesies of the flow. So, we need the 
following: 



n-l 



^"'/aehl-l.l+^j 



l]inf{ J] Cfc - y^fe^ + vl} > L{a, h) > 0, 

k=r+l 

for any (^, 77) in the boundary of the cone with opening c e [a, h] C (1, 2). 
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Because g* is a C°° metric, and its coordinates along 7 are Jjj, if the neighborhood of 
7 is sufficiently small, if e is small enough, we can conclude: 



4 ^ 1 

inf:,esuppia)inf{{g*{^, - 2^*(^a, + 3 2^ dl^f^v^^kVk + g*{v, v))} > 7^L{a, h) > 0. 



k=r+l 

So: 



3 3 1 ? 3 

inf^^supp(a)inf{-g*{^,0 - j9*{U,Va) + 7; ^kk(^'"UkVk + -^g*{v,v)} > 



2 

fc=r+l 

3 

L'(a,b) = —L(a,b) > 0. 
16 

This implies that, if e < ^^L'{a,b), for {C,,ri) in the boundary of the cone with opening 
c G [a, b] C (1, 2), and for v = {vq, 0, . . . , 0), then the derivative of equation ([1]) is positive. 

□ 

5.3.4 Extension of the cone property to 0-parallel vectors 

Now we are going to show that this derivative is positive not only for parallel vectors 
{v = {vq, 0, . . . , 0)), but for 6'-parallel vectors. 

Lemma 5.14. For 9 -parallel vectors the angle cone variation is positive (the cone closes) 
Proof. 

n-l 

2 



R*{v, ^, V, 7]) - R{v, ^, V, r]) ^ Y ^kkC^i'^'UoVo + Vo^kVk - voVk{^oVk + 6^o))- 

k=r+l 

This is so because (jl]) implies the following relation: 

R*^k, - R,,ki ~ -^idlAg^i + dl^g^k - dlAg.^ - d%Agu), (5) 

where ~ means that the rest of the equation depends on a and da, and Ag^j := g*j — gij- 
So we can say that: 



^ 71—1 



k=T+l 



<Mie + Mo|^|(||eiri|r/| 



So, for the derivative we have: 
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d 9*{U + Va, U + r]A) ^9*{Ca + Va, U + Va) /5 



- 2 



\9*{C,0-j9*{U,Va) + 1 Y1 ^kkO^'"kkVk + ^9*{v,v) 



^9*{^-V:^-v)+ 



k=r+l 



< M,e + Mo\emr\\v\n 



So, if we calculate for {^,7]) in 9*{^,^) + 9*{'r]-,v) = 1) we have that if \6\ < j^L'{a,b) 
and e < jk-L'{a,b), then: 



d 9*{Ca + va, Ca + Va) ^ 1 , x ^ ^ 

> -L [a, 0) > 



dt 9*{tO + 9*iV:V) ~ 2' 

Then we conclude that, in the band {{x,v) is ^-parallel to 7} the cones are properly 
invariant for the geodesic flow. 

□ 



5.3.5 The control of the cones for ^-transversal vectors 

For vectors that are not ^-close to (1, 0, . . . , 0), that are ^-transversal to 7, we do not 
have preservation of the cones. But this is not at all a problem if we choose an e small 
enough such that the cone with opcnning b stays inside the cone with opening a. This 
is possible because a is close to zero, the second derivative of a is limited and this 
limitation does not depend on e. So: 

d 9*{U + Va,U + Va) ^ ^ 
dt 9*i^,0 + 9*iv,v) 

As e goes to 0, the support of the deformation of the metric shrinks. As it shrinks, the 
time that the geodesies take to cross this neighborhood of the geodesic 7 goes to zero. 
So, as we can control the time which these geodesies spend inside the neighborhood, we 
choose an e such that the cone with opening b stays inside the cone of openning a. 
Let us be more precise: 

Lemma 5.15. The time which 6-transversal geodesies cross the neighborhood of the de- 
formation of the metric 9 is comparable to e. 

Proof. To see that the time spent is comparable to e we need to express the geodesic 
vector field in Fermi coordinates of the neighborhood. We can use Fermi coordinates now 
because we don't need the coordinates in the whole neighborhood of the closed geodesic 
7 in this case. The maps dn and K are: 
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/ 2n-l \ ^"-^ 

So, the pre-image of (f , 0) by the map ((ivr, K) is: 

(2n-l 2n-l 2ra-l \ 

Wo, -yi, • • • , 'y2n-i, - Y ^^ViVj, - ^ r*j^t^,t;j, . . . , - ^ r*|"~^t;it;j J . 
i,j=0 ij=0 i,j=0 / 

Since 5^* is C°° and along the geodesic 7, r*j^ = 0, then, if e is sufficiently small, the 
geodesic vector field is approximately (wq, f 1, . . . , f2n-i, 0, 0, . . . , 0). 

Since the second part of the geodesic vector field is small as e is small, we can say 
that geodesies such that \vi\ > 9 for some i = 1, . . . ,2n — 1 cross the neighborhood in at 
most |, and they leave the neighborhood at least | far from (1, 0, . . . , 0), or, better said, 
outside the set {v G S*M : \vi\ < |, i = 1, 2, . . . , 2n - 1}. 

□ 



5.3.6 Proof of proposition 15.101 

Recall the statement of proposition 15.101 

Proposition [FTIUl The geodesic flow of g* preserves the strong unstable cone field C'^{v, c) 
and the strong stable cone field C*(f , c), for some c G (1, 2) and some e small enough. 

Proof. First, take an orbit of the geodesic fiow of g* . If it never crosses the region of the 
deformation, where g* equals the original metric g, then the cone field is preserved. If it 
crosses the region of deformation, then it takes some time T' inside this region. If it is 
^-parallel to the geodesic 7, then it preserves the cone field (lemma 15. 14p . If it turns, after 
this time T', into a ^^-transversal geodesic, then it spends T' + ke time inside this region 
(lemma [5.15p . and then it leaves it and spend some time outside it. As the set of the orbits 
which leave this region is a compact set, the infimum is positive. Let us say they spend at 
least outside the neighborhood. As e goes to zero, does not goes to zero. If it did, we 
could get a sequence of geodesies outside {v G S*M : |t>j| < |, i = 1, 2, . . . , 2r;, — 1} which 
would spend very little time outside the neighborhood of 7 before enter it again. So, in 
the limit, there would be a contradiction with the unicity of the solutions of the ordinary 
differential equations of the geodesic flow. So the time spent outside the neighborhood 
of 7 is bounded from below - let us say it is bounded from below by T. This means that 
we can choose e so that the quotient between the time spent inside and the time spent 
outside of the neighborhood of 7 is as small as we want. As small as it is necessary for the 
preservation of the strong unstable and strong stable cones. So, the orbit spends some 
time ke where there is a little expansion of the angle of the cone fleld, then spends time 
at least T in the region where there's contraction of the angle of the cone fleld. 
Outside the neighborhood of the deformation the following holds: 
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d ig*{U + VA,U + VA) ^ d giU + VA,U + VA) ^ 3 _ 
dt 9*i^,0 + 9*iv,v) dt gi^,0 + 9iv,v) ~8 

for {i,ri) in the boundary of the cone of openning c. So, for cones with border in [a, 6], 
we have: 

d 9*{U + Va,U + Va) ^ 3^,2 _ b) 

So we choose a' such that \a' — b\ < -^b{2 — b)T. This ensures that outside the 
neighborhood the geodesic flow sends the cone with opening a' inside the cone with 
opening B in time ^. For e sufficiently small, with the inferior limit of the derivative not 
depending on e, the cone with opening b is not sent outside the cone with opening a'. 

So, we have preservation of the cone field, although there is a region where the cone 
field is not properly invariant, because the orbits of length T of the geodesic fiow cross 
this region in an interval of time as small as we want. So the preservation of the cone 
field holds because after that it takes an interval of length |^ for the cones to be properly 
contained. 

So, there is an invariant subbundle The same happens for the stable invariant 
direction E^, because for a geodesic flow the 'past' of the orbit oi v E S*M is the future 
of the orbit oi —v. □ 



5.3.7 Exponential growth of the Jacobi fields 

So, the strong unstable cone is preserved by the new geodesic flow. By symmetry, or by 
the reversibility of geodesic flows, the strong stable cone is preserved too. But preservation 
of these cones only proves that there are invariant subbundles with domination. We have 
to show that there is exponential growth along these strong directions. 

Proposition 5.16. For the geodesic flow of g* there is exponential expansion of vectors 
in C"(v, c). 

Proof. Outside the neighborhood of 7 where we deform the metric, the following holds: 



■^g*{U + VA,U + VA) = ■^g{U + VA,U + VA) 

= '^(g(U + VA,VA- R(v,^)v) 

= '^g(U + VA,U + VA) 

= 2g*{U + VA:U + VA)- 



For vectors v e {v e S*M : v 6'-close to (1,0,..., 0)}: 
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'^9*{^A + Va, U + Va) = 2fi'*(^A + Va, Va + U' + Va' - R*{v, ^)v) 

> 2g*iU + VA, VA - R*iv, Ov) - Lem* + IvD) 
>2{l-2Le)g*{U + VA,U + r]A). 

So for e sufficiently small we have exponential growth in this case. Now, in the case of v 
'transversal' to 7: 

^9*i^A + Va, U + Va) = '2g*{iA + Va, Va + ^a' + Va' - R*{v, 0^) 

> Kg*{^A + Va,U + Va), 

for some K eM. which does not depend on e. 

So, if we take any geodesic c : [0, T] — )■ M, we have that it takes only e inside the 
neighborhood, and 'transversal' to 7'. So, if we call f{t) := {g*{^, Jv) + g*{rj, Jv))^, we 
have that f'{t) ^ 2/(t) for time T — e and f'{t) > Kf{t) for time e, at most. This implies: 




{\og f)' {s)ds > 2{T-e) + Ke = 2T+{K-2)e^ 



log /(T)- log /(O) > 2T + (ir-2)e^/(T)>/(0)e(2^+(^-2)^). 

So for e sufficiently small, we have that / grows exponentially for the rj) inside the 
unstable cone we have exponential growth. □ 

5.4 Conclusion 

So, we proved the proper invariance of the unstable and stable cones. And we proved the 
exponential expansion or contraction respectively, in the previous subsection. Then we 
conclude: 

Theorem 5.17. For {M,g) Kahler manifold of negative holomorphic curvature —1 or 
quaternion Kahler locally symmetric space of negative curvature, there is a metric g* in 
M such that its geodesic flow is partially hyperbolic but not Anosov. 

Remark 5.18. A classical Mane theorem |M3 ] says that if, for a geodesic flow of a Rie- 
mannian manifold {M,g), there is an invariant Lagrangian subbundle of S{SM), then 
this Riemannian manifold does not have conjugate points. The existence of a partially 
hyperbolic non- Anosov geodesic flow implies that this theorem does not generalize to the 
case of invariant isotropic subbundles. 

Corollary 5.19. There is an open setW of metrics in the set of metrics of{M,g) such 
that for g* G U, the geodesic flow of g* is partially hyperbolic but not Anosov. Moreover, 
for all metrics g* in an open subset W C U, {M,g*) has conjugate points. 
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Proof. We can make the closed geodesic 7, which is a geodesic for both metrics g and g*, 
a quasi-elhptic nondegenerate closed geodesic. The linearized Poincare map of a quasi- 
elliptic nondegenerate orbit has eigenvalues on the unit circle but they are different than 
one. We only need to multiply the bump function by a constant greater but sufficiently 
close to 1 such that the geodesic flow remains partially hyperbolic. Since quasi-elliptic 
nondegenerate closed geodesies are persistent, there is an open neighborhood U of g* in 
the set of metrics of M such that all metrics in this open set are partially hyperbolic, 
and are far away from the set of Anosov metrics. Also, the existence of a quasi-elliptic 
closed geodesic implies that the metric has conjugate points, which is an open condition. 
So, for g* E W C U the geodesic flow of g* is partially hyperbolic and g* has conjugate 
points. □ 

Remark 5.20. Ruggiero |R2j proved that the C^-interior of the set of metrics with no con- 
jugate points is the set of metrics whose geodesic flow is Anosov. For partially hyperbolic 
geodesic flows we have an C^-open set of metrics with conjugate points. 

Corollary 5.21. There is an open set V of Hamiltonians in the set of Hamiltonians of 
[TM, u), near geodesic Hamiltonians, such that for h eU, the Hamiltonian flow of h is 
partially hyperbolic but not Anosov. 

Proof. For the same reasons of the previous corollary there is an open set of Hamiltonians 
with the same property, near geodesic Hamiltonians. □ 



6 Symmetric spaces of nonpositive curvature 

In this section we give a brief introdution of the subject of symmetric and locally symmet- 
ric spaces |E2j . |E3j . p] . and prove that compact locally symmetric spaces of nonpositive 
curvature are partially hyperbolic only if their sectional curvature takes values on the 
whole interval [— 1, — ;|]. 

Definition 6.1. A simply connected Riemannian manifold is called sjTiimetric if for every 
X E M there is an isometry '■ M ^ M such that 

a^{x) = x,da,^{x) = -idr^u- 

The property of being symmetric is equivalent to: 

• VR = 0, 

• if X{t), Y{t) and Z{t) are parallel vector fields along 7(t), then R{X{t),Y{t))Z{t) 
is also a parallel vector field along •yit). 

Remark 6.2. A symmetric riemannian manifold is geodesically complete and every two 
points can be connected by a geodesic. 

Definition 6.3. A complete Riemannian manifold with Vi? = is called locally symmetric. 
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Each locally symmetric space N is the quotient of a simply connected symmetric space 
M and a group F acting on M discretly, without fixed points, and isometrically, such 
that N = M/T. 

Proposition 6.4. Let N he a locally symmetric space, p G N, v G TpN, c geodesic such 
that c(0) = p, c'(0) = V, there are f i, . . . , an orthogonal basis of eigenvectors of Rc'(o) 
orthogonal to v with eigenvalues pi, ■ ■ ■ ,Pn-i, and parallel vector fields vi{t), . . . ,Vn-i{t) 
along c such that Vi{0) — Vi. Then the Jacobi fields along c are linear combinations of the 
following Jacobi fields 

Cp^W^jW and Sp.{t)vj{t), 

where 

Cp{t) := cos -y/pt, p > 0, Cp{t) := cosh p < 0, Cp{t) := 1, p = 0, 

Sp{t) :— —— sin y/pt, p > 0, Sp{t) :— — sinh \f^t, p < 0, Sp{t) :—t,p — 0. 

The proof of the proposition relies on the two facts: i?„ : TpN — >■ TpN : w — >■ R{v, w)v 
is a self-adjoint map and the curvature tensor is parallel. 

Definition 6.5. Let q be the algebra of Killing fields on the symmetric space M, p G M. 
Define 

B - {X G : Xip) = 0}, 
p := {X G : VX(p) = 0}. 
For these subspaces of t © p = g and iClp = {0}, and TpM identifies with p. 

Definition 6.6. Given p G M, we define the involution (j)p{g) : G ^ G : g ^ ap o g o ap. 
Then, we obtain 6p : d<pp : g — )■ 0. Since 9p ~ id and 9p preserves the he brackets, the 
properties of this subspaces of g are: 

i. 9p\i = id, 
n. 6p\p = -id, 

iii. ct, [p,p] ce, [i,p](zp. 

Proposition 6.7. With the identification TpM = p the curvature tensor of M satisfies 

R{X,Y)Z{p)^[X, [Y,Z]]{p) 
for all X,Y,Z e p. In particular, R{X,Y)X{p) = -{adxf{Y){p). 

Remark 6.8. We are going to consider only symmetric spaces with nonpositive sectional 
curvature. 
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Fix a maximal Abelian subspace a C p. Let A denote the set of roots determined by 
0, and 



Qa = {w E Q : {adX)w = a{X)w}, a : a — )■ M is a one-form. 

Define a corresponding decomposition for each a & A, — {id + 0)Qa and p^, — 
{id - e)Q^. Then: 

i. id + 9 : Qa ^ and id — 6 : Qa ^ Pa are isomorphisms, 

ii. pa = P-O) — ^-a-i and pa®^a—Qa® Q-a-i 

iii. p = a + EaGA P«, € = «o + EaeA ^a, whcrc to = 00 n t. 

For X e a we have that, along the geodesic c in M with initial conditions c(0) = p, 
c'(0) = X, the Jacobi fields are hnear combinations of the following Jacobi fields: 



So, we define for a vector X e a, and for a such that a{X) ^ 0, the invariant subspaces 



P:{X)^Pa{x) C T^,x)SM such that 

d0,(X)P:(X) = P:{UX)ldUX)P^{X) = P^(0t(X)), 

P:(X) = {{w, \a{X)\w) ep:we pj, P^(X) = {(w, e p : G pj. 



Along the same lines of the proof that product metrics are not partially hyperbolic: 

Theorem 6.9. // the geodesic flow of a compact locally symmetric space of nonpositive 
curvature is partially hyperbolic, then is curvature takes values on the whole interval 



Proof. If the locally symmetric space N has a partially hyperbohc geodesic flow, then the 
symmetric space M such that N = M/T has a partially hyperbolic geodesic flow. 

Fix X E M and consider v e SxM. Let o be the maximal Abelian subspace of g in x 
such that X G a. 

Suppose dim{a) > 2. If the geodesic flow of the symmetric space M is partially 
hyperbolic, then there is a splitting into invariant subbundles: 




C-a{X)^{'t)'Vj{t) and S_a,(x)'^{t)Vj{t). 




S{SM) = E'®E'® E". 
This decomposition and the curvature tensor formula imply that 



E\x,v) = {(C,r?) e T^,,.)SM : (e,r/) G P« (t;)}. 
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i = 1, . . . , fc, |ai| > |q;2| > . . . > such that if /3 7^ Oj, = 1, . . . , /c, then /3(f) < Q;j(w), 
Vi = 1, . . . , fc. 

Now we pick (x, f') such that ai(f') = 0, for some i. Then: 

E-{xy) = e T^^,,,)SM : (e,r/) G P;^,}, 

for some /3j G A, j = 1, . . . , fc', > |/32| > . . . > |/3fc'|. Notice that ai(f') = imphes 
(3j 7^ ai, Vj = 1, . . . , fc'. As in the proof of the product metric, there is no way to go 
from one decomposition to the other continuously. So, there are no Abehan subspaces 
with dimension greater than one, and the symmetric space of nonpositive curvature has 
rank one. If dimension of the Abehan subspaces is one then the symmetric space has 
negative curvature, which imphes by the classification of Heintze [H] that it is a Kahler 
hyperbolic space, or quaternionic hyperbolic space, or the hyperbolic space over the 
Cayley numbers. □ 

7 Further results and questions 

This section is about the obstructions to have a partially hyperbolic geodesic flow and 
some questions we hope to adress in our next works about the subject of partially hyper- 
bolic geodesic flows. 

There is an obstruction to partial hyperbolicity if one add the hypothesis of nonpositive 
sectional curvature in the Riemannian manifold: the rank of the Riemannian manifold. 

Definition 7.1. Let {M,g) be a Riemannian manifold of nonpositive sectional curvature. 
Then, for v G T^M, rank{v) := dimj''^{v), where J'^{v) is the set of parallel Jacobi fields 
along the geodesic 7, such that 7(0) = x, 7'(0) = v. The rank of M is rank{M) : = 
infv&T^Mrankiy) |Balj . [E2], [E3]. 

Theorem 7.2. If M is a compact Riemannian manifold with nonpositive curvature such 
that its geodesic flow is partially hyperbolic, then M has rank one. 

Proof. By theorem l3.3t M has to be irreducible. By the rank rigidity theorem of Ballmann 
|Ba2] and Burns-Spatzier [BS] . if M is irreducible, has nonpositive curvature, and rank 
bigger than one, then it is a locally symmetric space of rank bigger than one. Then, by 
theorem 16. 9[ its geodesic flow is not partially hyperbolic. □ 

Another obstruction is the dimension of the Riemannian manifold, and also the di- 
mension of the extremal subbundles of the partially hyperbolic splitting. We use the 
following result in Steenrod's classical book: 
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Theorem 27.18 [St]. Let be the n- dimensional sphere. Then, it does not admit a 
continuous field of tangent k-planes if n is even or if n = 1 mod 4 and 2 < k < n — 2. 

So, we can state the foUowing: 

Theorem 7.3. // {M",g) is a Riemannian manifold with partially hyperbolic geodesic 
flow then n is even, and if n = 2 mod 4, then dimE^ = l,n — 2 or n — 1. 

Proofs First, let E" ® E'' ® be the sphtting of S{SM), the contact structure on SM, 
and J : T{TM) — > T{TM) the almost complex structure, which leaves S{SM) invariant. 
The orthogonal projection of E^ © JE^ to the horizontal subbundle H has dimension 
equal to dim(ii^'').Then, for a fixed x G M, 

X{v) := d{^^^^)T[ ■ projH[x,v){E\x,v) © JE\x,v)) 

is a continuous tangent field of (dimi?*)-planes on S^M, which is a — l)-dimensional 
sphere. So we apply theorem [6] to conclude that n is even, and if n = 2 mod 4, then 
dimE''^ = — 2orn — 1 (The last case, where dimE''^ = n — 1, is the case of trivial 
central bundle). □ 

Remark 7.4. The idea that partial hyperbolicity of the geodesic flow implies odd dimen- 
sion of the Riemannian manifold is due to Gonzalo Contreras, who communicated an 
idea of the proof of this fact to the second author of this article. 

There are some questions that we hope to adress in the future: 
Question 1. Is there a partially hyperbolic non-Anosov geodesic flow with nonpositive 
sectional curvature? 

We know that it does imply that the Riemannian manifold has rank one, and so 
it is transitive. If there is not such an example, this would imply that we need some 
positive curvature to get a partially hyperbolic geodesic flow which is not Anosov, as in 
the example we built above. 

Question 2. Is the example above which we constructed in section [S] transitive? Is it 
ergo die? 

It would be natural to ask this questions, from the dynamical systems point of view, 
to know which systems have these properties, in the set of diffeomorphisms, flows and 
geodesic flows. 

Question 3. Is there an Riemannian manifold {M,g) with partially hyperbolic geodesic 
flow such that one of the invariant subbundles E'^ and E^ contain Jacobi fields such that 
J{t) = to some t G M? This would imply that there are conjugate points associated to 
them. 

Mane's theorem |M3] . which says that an invariant Lagrangian subbundle implies lack 
of conjugate points, does not hold if the hypothesis is changed to existence of an invariant 
isotropic subbundle. But our result about obstructions for the dimensions of the manifold 
(M, g) and the dimensions of the strong invariant subbundles E^ and E'^ does not prove 
that there are no conjugate points associated with stable or unstable Jacobi fields of 
partially hyperbolic geodesic flows. 
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